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Abstract. We survey research on the homotopy theory of the space map(X, Y) 
consisting of all continuous functions between two topological spaces. We sum- 
marize progress on various classification problems for the homotopy types rep- 
resented by the path-components of map(X, Y). We also discuss work on the 
homotopy theory of the monoid of self-equivalences aut(X) and of the free 
loop space LX. We consider these topics in both ordinary homotopy theory 
as well as after localization. In the latter case, we discuss algebraic models for 
the localization of function spaces and their applications. 



1. Introduction. 

In this paper, we survey research in homotopy theory on function spaces treated 
as topological spaces of interest in their own right. We begin, in this section, 
with some general remarks on the topology of function spaces. We then give a 
brief historical sketch of work on the homotopy theory of function spaces. This 
sketch serves to introduce the basic themes around which the body of the paper is 
organized. 

By work of Brown J}9l 1964] and Steenrod [2601 1967], the homotopy the- 
ory of function spaces may be studied in the "convenient category" of compactly 
generated Hausdorff spaces. Retopologizing is required, however. Given spaces X 
and Y in this category, let Y x denote the space of all continuous functions with 
the compact-open topology. Define 

map(X,Y) = k(Y x ) 

to be the associated compactly generated space. Then map(X,Y) satisfies the 
desired exponential laws and is a homotopy invariant of X and Y. The space 
map(X, Y) is generally disconnected with path-components corresponding to the set 
of free homotopy classes of maps. We write map(X 7 Y; f) for the path-component 
containing a given map /: X — > Y. Important special cases include: map(X, Y;0), 
the space of null-homotopic maps; map(X 1 X; 1), the identity component; aut(X), 
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the space of all homotopy self-equivalences of A; and LX = maplS 1 ,X) the free 
loop space. 

Concrete results on the path-components of map(X, Y) often require much 
more restrictive hypotheses on X and Y. By Milnor [214[ 1959], when X is a 
compact, metric space and Y is a CW complex, the components map(X,Y; f) are 
of CW homotopy type. A natural case to consider then is when X is a finite CW 
complex and Y is any CW complex. By Kahn |153l 1984], map(X, Y) is also of 
CW type when X is any CW complex and Y has finitely many homotopy groups. 

The space map(X,Y) has two close relatives. If X and Y are pointed spaces, 
we have map^(X, Y) the space of basepoint preserving functions, with components 
map* (A, Y;f) for / a based map. Given a fibration p: E — > X, we have 
the space of sections with components T(p; s) for s a fixed section. Of course, 
map(X,Y) ~ r(p) when p fibre-homotopy trivial with fibre Y. Many theorems 
about map{X 1 Y) generalize to and many have related versions for map^(X J Y). 
For the sake of brevity, when possible we state theorems for the free function space 
and omit extensions and restrictions. Theorems stated for the based function space 
are then results that do not apply to map (A, Y). 

1.1. A Brief History. Function spaces are at the foundations of homotopy 
theory and appear in the literature dating back, at least, to Hurewicz's definition 
of the homotopy groups in the 1930s. Work focusing explicitly on the homotopy 
theory of a function space first appears in the 1940s. Whitehead 280 1946] 
introduced the problem of classifying the homotopy types represented by the path- 
components of a function space, focusing on the case map(S 2 , S 2 ). Hu [1481 1946] 
showed 

TTi(map(S 2 , S 2 ; i m )) = Z/2|m|, 

where u m is the map of degree m thus distinguishing components of different abso- 
lute degree. 

A decade later, papers of Thom [270} 1957] and Federer 88; 1956] appeared 
giving dual methods for computing homotopy groups of components of map(X J Y). 
Thom used a Postnikov decomposition of Y to indicate a method of calculation. 
Federer constructed a spectral sequence converging to these homotopy groups using 
a cellular decomposition of X. Both authors obtained the following basic identity: 

TT q {map{X, K(n, n); 0)) S H n ~ q (X; tt) 

for X a CW complex and tt an abelian group. 

In the 1960s, the monoid aut(X) of all homotopy self-equivalences of A emerged 
as a central object for the theory of fibrations. Stasheff [2591 1963] constructed a 
universal fibration for CW fibrations with fibre of the homotopy type of a fixed finite 
CW complex A, building on work of Dold-Lashof [72l 1957]. His result implied 
the universal A-fibration is obtained, up to homotopy, by applying the Dold-Lashof 
classifying space functor to the evaluation fibration to: map(X, A; 1) — > A. In 
this same period, Gottlieb [1081 1965] introduced and studied the evaluation 
subgroups or Gottlieb groups: 

G n (X) = im{tof. n n (map(X,X;l)) -> rr n (X)} C 7r n (A) 

initiating a rich literature on the evaluation map. Among many other properties, he 
showed the Gottlieb groups correspond to the image of the linking homomorphism 
in the long exact sequence of homotopy groups of the universal A-fibration. Thus 
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the vanishing of a Gottlieb group G n (X) is equivalent to the vanishing of the linking 
homomorphism in degree n for every CW fibration with fibre X. 

In the 1970s, Hansen [1291 1974] began a systematic study of the homotopy 
classification problem for the path components of map(X, Y). He completed the 
classification for map(S n , S n ) building on the methods of Whitehead, mentioned 
above. He and other authors obtained complete results in many special cases in- 
volving spheres, suspensions, projective spaces and certain manifolds. 

The space of holomorphic maps Hol(A/, N) between two complex manifolds 
offers a deep refinement of the homotopy classification problem for continuous maps 
with important interdisciplinary connections. Segal [2441 1979] initiated the study 
of the space Hol(Af, N) in homotopy theory proving the inclusion 

Uo\* k {S 2 ,CP m ) map*{S 2 ,CP m ;L k ) 

induces a homology equivalence through a range of degrees. Here Rol k (S 2 , CP m ) 
denotes the space of based holomorphic maps of degree k. In fundamental work 
in complex geometry, Gromov [1161 1989] identified the class of elliptic manifolds 
and proved they satisfy the "Oka Principle". As a consequence, he identified a 
large class of manifolds for which the inclusion Hol(AT, N) map(M, N) is a weak 
equivalence. Cohen-Cohen-Mann-Milgram [5(3 1991] described the full stable 
homotopy type of Holds' 2 , <CP m ), their description given in terms of configuration 
spaces. A related problem of stabilization for moduli spaces of connections is the 
subject of the famous "Atiyah- Jones conjecture" in mathematical physics Atiyah- 
Jones [HJ 1978]. 

The gauge groups provide a connection between the homotopy theory of func- 
tion spaces and the theory of principal bundles. Let P : E — > X be a principal 
G-bundle for G a connected topological group classified by a map h; X —> BG. 
The gauge group Q{P) of P is defined to be the group of G-equivariant homeo- 
morphisms / : E — s> E over X. Atiyah-Bott [141 1983] used the gauge group in 
their celebrated study of Yang-Mills equations and principal bundles over a Rie- 
mann surface. They made use of Thorn's theory and a multiplicative equivalence 
originally due to Gottlieb [TT2l 1972] 

Q(P) ~ rimap(X,BG; h) 

to study the homotopy theory of BQ(P). Gottlieb's identity, in turn, links the 
classification of gauge groups up to iJ-homotopy type, for fixed G and X, to the 
homotopy classification problem for map(X, BG). Crabb-Sutherland |67[ 2000] 
proved that the gauge groups Q (P) represent only finitely many homotopy types for 
G a compact Lie group and X a finite complex,. In contrast, the path-components 
of map(X, BG) may represent infinitely many distinct homotopy types in this case 
by Masbaum [1991 1991]. 

The advent of localization techniques introduced new depth to the study of 
function spaces while opening up a wide range of fundamental problems and appli- 
cations. In his seminal paper on rational homotopy theory, SULLIVAN 12631 1977] 
sketched a construction for an algebraic model for components of map(X, Y) for X 
and Y simply connected CW complexes with X finite, as an extension of Thorn's 
ideas. Sullivan's construction was completed by Haefliger |123[ 1982]. Sullivan 
also identified the rational Samelson Lie algebra of aut(X) for X a finite, simply 
connected CW complex via an isomorphism: 

n*(aut(X))®Q,[, ] = H*{T>ei{M x )),[, ] 
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Here the latter space is the homology of the Lie algebra of degree lowering deriva- 
tions of the Sullivan minimal model of X with the commutator bracket. 

One of the early applications of Sullivan's rational homotopy theory was the 
proof by Vigue-Poirrier-Sullivan [2821 1976] of the unboundedness of the Betti 
numbers of the free loop space LX = map(S 1 , X) for certain simply connected CW 
complexes X. Combined with a famous result of Gromoll-Meyer [1151 1969] in 
geometry, this calculation solved the "closed geodesic problem" for many manifolds. 
The calculation was deduced from a Sullivan model constructed for LX. 

The p-local homotopy theory of a function space featured in a landmark result 
in algebraic topology, the proof of the Sullivan conjecture. Miller 1 2 1 3 1 1984] 
proved 

ir n (mapt(Biv, X; 0)) = for all n > 

where tt is any finite group and X any finite CW complex. Among many appli- 
cations, this result was used by McGibbon-Neisendorfer [2091 1984] to affirm 
Serre's conjecture: ir m (X) contains a subgroup of order p for infinitely many m. 

Lannes |180[ 1987] constructed the T-functor which is left adjoint to the ten- 
sor product in the category of unstable modules over the Steenrod algebras. His 
construction provided a model for the mod p cohomology of the space map{BV 1 X) 
where V is a p-group. Lannes' construction was adapted to the rational homotopy 
setting by Bousfield-Peterson-Smith [30l 1989] and, later, Brown-Szczarba 
[371 1997] to give another model for the rational homotopy type of map(X,Y; /). 
Fresse [102, preprint] recently constructed a version of Lannes' functor in a cate- 
gory of operadic algebras giving a model for the integral homotopy type of certain 
function spaces. 

The free loop space recently re-emerged as a central object for study in homo- 
topy theory with the appearance of work of Chas-Sullivan [501 preprint]. They 
constructed a product on the regraded homology 

U4LM m ) = H* +m {LM m ) 

for a simply connected, closed, oriented m-manifold M m using intersection theory. 
They also defined a bracket on the equivariant homology of LM m and a degree 
+1 operator giving H*(LM m ) the structure of Batalin-Vilkovisky algebra. These 
structures have incarnations in diverse other settings. Their study, known as string 
topology, is now an active subfield in the intersection of homotopy theory and ge- 
ometry. 

1.2. Organization. In Section^ we discuss work on the ordinary and stable 
homotopy theory, as opposed to the local homotopy theory of function spaces. 
We focus on the areas introduced above, namely: (i) the general path component 
map(X,Y; /); (ii) the monoid aut(X); and (iii) the free loop space LX. We also 
discuss work on the stable homotopy theory of these spaces and on spectral sequence 
calculations of their invariants. In Section^ we discuss the localization of function 
spaces. We describe the algebraic models of Sullivan, and of later authors, for 
the general component, the monoid of self-equivalences and the free loop space in 
rational homotopy theory, and survey their applications. We also discuss the p- 
local homotopy theory of function spaces including the work of Miller, Lannes and 
others on the space of maps out of a classifying space, and algebraic models for 
function spaces in tame homotopy theory. The paper includes a rather extensive 
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bibliography gathering together both papers directly focused on function spaces 
and papers giving significant applications and extensions. 

2. Ordinary and Stable Homotopy Theory of Function Spaces. 

We divide our discussion in this section according to the cases (i), (ii) and (iii) 
above. We then discuss some general results in stable homotopy theory and spectral 
sequence constructions for function spaces. 

2.1. General Components. As mentioned in the introduction, the following 
open problem lies at the historical roots of the study of function spaces as objects 
in their own right. 

Problem 2.1. Given spaces X and Y classify the path- components map(X,Y] f) 
up to homotopy type for homotopy classes f:X—>Y. 

We consider a variety of cases here beginning with the most classical, mention- 
ing progress on Problem 12. 1\ when appropriate. 

2.1.1. Maps from Spheres and Suspensions. The components of map{S p ,Y) 
correspond to the homotopy classes in ir p (Y). The coproduct on S p gives rise to an 
equivalence map^(S p , Y; a) ~ map^(S p , Y; 0), for any class a : S p — > Y. By adjoint- 
ness, Tr n (map :t (S p , Y; 0)) = ir n+p (Y). These observations were made by White- 
head [2861 1946] who gave the first algebraic method for computation. Whitehead 
identified the linking homomorphism in the long exact homotopy sequence for the 
evaluation fibration map r (S p , Y; a) — > map(S , \ Y; a) — > Y obtaining: 

>■ K n+ i(Y) ^- 7T n (map >r (S p ,Y; a)) s- 7r„ (map (S p , Y; a)) s 



W(a) 

where W(a)(/3) — —[a,(3] w denotes the Whitehead product map. Using this se- 
quence, he proved map(S 2 , S 2 ; t) map(S 2 , S 2 ; 0) by comparing homotopy groups. 
Hu [1481 1946] and Koh [1601 1960] computed Tr 2m -i (map (S 2m , S 2m ; a)) for small 
values of m. In these cases, the order of 7r 2m _i (map(S 2m , S 2m ;a)) depends on the 
absolute value of the degree of a and so distinguishes components with different 
absolute order. Since clearly map(S 2m , S 2m ; a) ~ map(S 2m , S 2m ; —a) the classifi- 
cation in these cases was complete with these calculations. 

Hansen [1291 1974] obtained the complete classification for self- maps of S n . 
For even spheres, he proved 

map(S 2m , S 2m - a) ~ map(S 2m 1 S 2m - p) <^ [a, l] w = ±[/3, l] w . 

Here l £ ^2m(S 2m ) is the fundamental class. For odd spheres, the components of 
map(S 2m ^ 1 , S" 2 " 1-1 ) are all homotopy equivalent for m = 1,2,4 due to the existence 
of a multiplication on S 2171 ^ 1 in these cases. For m ^ 1,2,4, Hansen showed 
map(S 2m - 1 1 S 2m - 1 ;L) ^ map(S 2m - 1 , S 2m ' L ;0) and 

mM , Q 2m-i £?2m-i.^ _ / map(S 2m ~ 1 , S 2 " 1 ' 1 ; l) if deg(a) = odd 
map(b ,5 ,a) _ | map ( 5 2 m -i )S 2 m -i ;0) if deg(a) = even 

Problem 12.11 remains open for map(S n \S n ) for m > n. Yoon 305, 1995] 
observed a connection between the Gottlieb group G m (Y) and the homotopy clas- 
sification problem for map(S m , Y) showing map(S m , Y; a) ~ map(S m , Y; 0) if and 
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only if a € G m (Y). Lupton-Smith [1931 2008] extended this to a surjection of 
sets 

(v\in cv\ {components map (S m ,Y;f)} 

K m \l J/Lrml-r ) »- r 7 ; — ; ■ 

nomotopy equivalence 

Thus the complexity of the classification problem for map(S m , S n ) is roughly that 
of computing Gottlieb groups G m (S n ). Extensive, low-dimensional calculations of 
this group were recently made by Golasinski-Mukai [1061 2009]. Lee-Mimura- 
Woo [1841 2004] calculated the Gottlieb groups for certain homogeneous spaces. 

When X = HA is a suspension, the fibres map„(HA, Y; /) of the various evalu- 
ation fibrations LOj : map (HA, Y; f) —±Y are all homotopy equivalent to the space 
map^HA, Y; 0) with homotopy groups 

TT q (map*(YlA,Y;Q)) = [H g+1 A,Y\. 

Lang [1781 1973] extended Whitehead's exact sequence to this case replacing the 
Whitehead product in ir*(Y) by the generalized Whitehead product in Y]. 
It is natural to consider, as Whitehead did, a stronger version of Problem 12. 1[ 
namely, the classification of the evaluation fibrations u)f. map(X,Y; f) — > Y up 
to fibre homotopy type for homotopy classes /: X -> Y. Hansen |128l 1974] 
defined ujf. map(HA,HB; /) — » Y to be strongly fibre homotopy equivalent to 
ujg : map(HA,HB; g) — > HB if the fibre homotopy equivalence is homotopic to the 
identity after (fixed) identification of the fibres with map^(HA, HB; 0). He proved: 

ujf is strongly fibre homotopic to oj g <=> [f, lss] = [g, lss] 

where [ , ] here denotes the generalized Whitehead product in [HA, HB]. McClen- 
DON [2061 1981] showed that the evaluation fibrations ojf. map(HA,Y; f) — > Y 
behave as principal fibrations and, in particular, are classified by maps s: Y — >• 
map(A, Y) determined by generalized Whitehead products. 

2.1.2. Maps into Eilenberg- Mac Lane Spaces. The weak homotopy type of the 
space map(X, K(n, n); f) may be described for any /: X — > K(n, n) for 7r abelian. 
The ideas are due to Thom |270l 1957] with a refinement by Haefliger [1231 
1982]. First, observe that these components are all homotopy equivalent since 
K(n,n) has the homotopy type of a topological group. A homotopy class a £ 
TT p (map(X, K(ir, n; 0))) corresponds, by adjointness, to a map A: S p xX — > K(tt, n). 
On cohomology, 

A*(x n ) = 1 ® a n + u p (g) a„_ p 

where a n ,a„_ p G H*(X;n) with subscripts indicating degree while u p e H p (S p ;ir) 
and x n £ H n (K(n,n);-K) are the fundamental classes. Since A restricts to the 
constant map on S p x * we see a n = 0. The assignment a a n _ p gives the 
identification 

n p (map(X,K(Tr,n); f)) = H n - p (X;n), 
mentioned in the introduction and leads to directly to a weak equivalence 

map(X, K(tt, n); /)) ~ w J[ K(H n ~ p (X; n),p). 
P >i 

Thorn also indicated how the homotopy groups ■n p (map(X, Y; /)) for Y a finite 
Postnikov piece are determined, up to extensions, by the ^-invariants of Y and the 
groups H n ~ p (X, ir n (Y)). This approach was encoded in Haefliger's construction of 
a Sullivan model for map(X, Y; f), as discussed below. 
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Gottlieb |110[ 1969] extended Thorn's result to the case n — 1 and n any 
group. Here 

map(X,K(ir,l);f) ^ X(C(/„), 1) 

where C(/jj) denotes the centralizer of the image of /j : tti(X) — > it. M0LLER 
|218| 1987] showed that when Y is a twisted Eilenberg-Mac Lane space, then 
map(X,Y; /) is one also with homotopy groups determined by the cohomology 
groups of X with twisted coefficients in the homotopy groups of Y. Note that 
the weak equivalences above are homotopy equivalences by Whitehead's Theorem, 
when map(X, K(TT,n)) is of CW type, e.g., when X is compact or a CW complex. 
In general, the study of the homotopy type of map(X,Y; /) when Y has at least 
two nonvanishing homotopy groups is a difficult, open problem. 

2.1.3. Maps between Manifolds. The homotopy theory of map(M m , N n ) for 
M m and N n closed manifolds is a topic of wide-ranging interest. In this case, 
important variations have been considered. Below we consider one such variation 
with direct ties to Problem 12. 1\ namely spaces of holomorphic maps. We begin 
with the space map(M m , N n ). 

If T g is an orientable surface, then T g ~ K(TTi(T g ), 1) and the classification 
problem for map{X,T g ) reduces to the computation of centralizers of homomor- 
phisms into iri(T g ). For g > 2 this group is highly nonabelian and the only possible 
nontrivial centralizers are isomorphic to Z by Hansen [1351 1983]. Hansen |131[ 
1974] earlier considered the space map(T g , S 2 ). As a generalization of Whitehead's 
exact sequence, he showed an exact sequence 

Z/2|m| -)■ 7ri(map(T g , S 2 ; t m )) ->• l? g -> 

which gives the classification, in terms of degree, in this case. The fundamental 
group TTi(map(T g7 S 2 ; L m )) was later completely determined by Larmore-Thomas 
[1821 1980]. 

Hansen |133i 1981] extended his classification result for the space of self- 
maps of spheres to the case map(M m , S m ) where M m is closed, oriented, con- 
nected manifold with vanishing first Bctti number. Note that, by Hopf's Theorem, 
[M m , S m ] — Z with maps classified by degree. When m is even and > 4, Hansen 
showed the homotopy types of map(M m , S m ; a) are classified by the absolute val- 
ues of the degrees of the a. When m is odd and 1,4,7 there are two homotopy 
types corresponding to the distinct types map(M m , S m ;0) and map(M m , S m ; t) 
where i is of degree 1. Again in this case, components are classified by the parity 
of degree of the class a. 

Sutherland [264, 1983] extended Hansen's work eliminating the restriction 
on the first Betti number and dealing with the case M m nonorientable. Note that in 
the latter case there are only two distinct classes a : M rn -4 S m and so the problem 
reduces to distinguishing these components for m =/= 1,4,7. Sutherland observed 
that the components of map(M m , S m ) all have the same homotopy type if there is 
a map /: M rn — > map(S m , S m ; i) making the diagram 

map{S"\S m ;l) 
M m 1 ^ gm 
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commute, where i is of degree 1. Taking M m = ]RP m , we have a lift / based 
on the lift I': RP m -> SO(n + 1) C map(S m , S m ; 1) of i. Sutherland showed the 
components of map(M m , S m ) are all of the same homotopy type if there exists a 
map / : M m — > IP'" of odd degree giving examples with to =^ 1, 4, 7 for which all 
the components are homotopy equivalent. 

Sasao [235L 1974] studied the homotopy type of components of map(CP m , CP"; i) 
for m < n and i : CP m — > CP" the inclusion. He constructed a map 

a m , n : f/(n + l)/A(m + l) x U(n-m) -» map(CP"\ CP"; i) 

where A(m+1) C U(m+1) denotes scalar multiplies of the identity. He proved a m ^ n 
induces an isomorphism on rational homotopy groups and on ordinary homotopy 
groups through degree An — 4m + 1. YAMAGUCHI |289( 1983] extended Sasao's 
analysis to the case of quaternionic projective spaces. M0LLER |215[ 1984] gave the 
complete classification for the components map(CP m , CP") showing the homotopy 
types are classified by the absolute value of the degree of a representative class. The 
result is a direct consequence of his calculation 

H 2n _ 2m+1 {map{CP"\CP n ;L k )) =Z/d where d = ( U + 1 \\k\ m . 

\ m J 

YAMAGUCHI |292l 2006] studied maps between real projective spaces. He defined 
the analogue of Sasao's map, here of the form 

P m , n - 0(n + l)/A(m+l) x 0(n - to) -> map(RP m ,RP n ;i) 

and proved (3 m ,n is an equivalence on ordinary and rational homotopy groups 
through certain ranges of degrees. 

When G is a topological group (or group-like space) the path-components of 
map(X,G) are all of the same homotopy type. Problem 12.11 thus reduces, in this 
case, to the study of the homotopy theory of the null-component map(X, G;0). 
Given Lie groups G and H, the calculation of homotopy invariants of map(G,H) 
is a difficult open problem. Recently, Maruyama-Oshima |1981 2008] computed 
the homotopy groups of map^,(G, G) for G — SU(3), Sp(2) in degrees < 8. 

2.1.4. Spaces of Holomorphic Maps. Segal [2441 1979] proved a basic result on 
the homotopy theory of the space Hol( M, N) . His work launched a vital subficld of 
research on the "stability" of the inclusion Hol(Af, N) e -t map(M, N). Segal proved 

Ro\l(T g ,CP n ) ^ map,(T g ,;i k ) 

induces a homology isomorphism through dimension (k — 2g)(2n — 1) where T g is 
a Riemann surface of genus g. Specializing to the case of the sphere, he proved 

Hol^(S* 2 ,CP") ma P:t (S 2 ,CP n ;L k ) 

induces a homotopy equivalence up to degree 2n — 1. 

Segal's work was extended by many authors. Guest |119| 1984] proved the 
corresponding stability result on homology for Holds' 2 , F) <-» map(S 2 , F; t, k ) for 
certain complex flag manifolds F. His proof involved developing the analogue of a 
Morse-theoretic result for the case of the energy functional on the space C°°(S 2 , F) 
of smooth maps. Kirwan [1581 1986] extended Segal's result to the case the target 
is the complex Grassmannian manifold G(n,n + to) of n-planes in n + m-space 
proving Hol k (S 2 ,G(n,n + to)) map(S 2 ,G(n,n + m);i k ) induces a homology 
isomorphism in degrees depending on k, n and m. Mann-Milgram [1961 1991] 
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considered this case as well, constructing a spectral sequence to analyze the homol- 
ogy of Ro\* k (S 2 ,G(n,n + m)). Gravesen |113[ 1989] studied holomorphic maps 
into space VLG for G a complex, compact Lie group. 

Cohen-Cohen-Mann-Milgram [56l 1991] and Cohen-Shimamota [6H 1991] 
described the stable homotopy type of Holds' 2 , CP"). They proved 

Hol*(S* 2 ,CP") ~ C^R 2 ,,? 2 "- 1 ) 

where C k (M. 2 , S" 2 " -1 ) is the configuration space of distinct points in E 2 with labels 
in S" 2 ™ -1 of length at most k. Cohen-Cohen-Mann-Milgram also computed the 
homology of Hol£ (S 2 , CP" ) with Z p -coefficients in terms of Dyer-Lashof operations. 
Mann-Milgram [197] used the stable homotopy decomposition above to prove the 
homology stability of the inclusion Holds' 2 , F) map^(S 2 , F) for F an SL(n, C)- 
flag-manifold. Boyer-Mann-Hurtubise-Milgram [33l 1994] and Hurtubuise 

149, 1996] proved homology stabilization theorems for the space Holds' 2 , G/P) 
for certain complex homogeneous spaces G/P. Boyer-Hurtubise-Milgram gave 
a configuration space description of Hol k (T g ,M) for certain complex manifolds 
admitting nice Lie group actions extending the approach of Gravesen. 

Segal's stabilization problem has deep interdisciplinary connections. Gromov 

116, 1989] obtained general stability results as a consequence of his work on the 
Oka Principle in complex geometry. A complex manifold M satisfies the Oka 
principle if every continuous map / : S — > M is homotopic to a holomorphic map 
where S is a Stein manifold. Gromov identified the class of "elliptic" manifolds and 
proved elliptic manifolds satisfied the Oka principle. Consequently, he obtained the 
inclusion 

Hol(5,M) map(S,M) 

is a weak homotopy equivalence for S Stein and M elliptic. The class of elliptic 
manifolds includes complex Lie groups and their homogeneous spaces. 

The problem of stabilization also has a famous incarnation in Yang-Mills theory 
and mathematical physics. Atiyah- Jones [151 1978] constructed a map 

6 k : M k -> map,{S\SU{2)-L k ) 

where M. k is a moduli space of connections on a principal SU (2) -bundle P k over 
S 4 corresponding to a map S 4 — > BSU(2) of degree k. They proved 9 k induces 
a homology surjection through a range of degrees and conjectured 8 k induces an 
equivalence in both homotopy and homology through a range depending on k. 
Work on the Atiyah- Jones conjecture includes Taubes |268[ 1989], Gravesen 
[li"3l 1989] and Boyer-Hurtubise-Mann-Milgram [Ml 1993]. 

Many authors have studied related spaces of maps. Vassiliev [2771 1992] 
proved a stable equivalence 

Hol^CP^-SPjUCC) 

where the latter is the space of monic complex polynomials of degree k with all 
roots of multiplicity < n. Guest-Kozlowski-Yamaguchi [1221 1994] extended 
Segal's result in a different direction, proving the inclusion 

Ro\l(S 2 ,X n )^map,(S 2 ,X n ) 

is a homotopy equivalence up to degree k where X n C CP' 1-1 is the subspace of 
points with at most one coordinate zero. The cohomology of the space of basepoint- 
free holomorphic maps Holi(S' 2 , S 2 ) was studied by Havlicek |140[ 1995] while the 
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homotopy groups of Holfc(S' 2 , S 2 ) were studied by Guest-Kozlowski-Murayama- 
Yamaguchi |121[ 1995]. Kallel-Milgram [154| 1997] gave a complete calcu- 
lation of the homology of Hol£(T 9 , CP m ) for T g an elliptic Riemann surface. The 
space of real rational functions was recently studied by Kamiyama [1571 2007]. 

Kallel-Salvatore [1551 2006] applied techniques from string topology to 
the study of spaces of maps between manifolds. Set 

m„{map{M m ,N n )) = H, +n {map{M m , N n )) 

and similarly for Ho\(S 2 ,N n ). When M m ,N n are closed, compact and orientable, 
they proved H* {map{S m , N)) has a ring structure corresponding to an intersection 
product and M.*(map(M m , N n )) is a module over this ring. They used this struc- 
ture to compute W*(map(S 2 ,CP n : t k )) and H*(Hol fc (S' 2 , CP")) with ^-coefficients. 
They also studied W*(map(T g , CP"; i k ); Z p )) for T g a compact Riemann surface 
proving, among other results, that these groups are isomorphic for all k when p 
divides n. 

2.1.5. Maps into a Classifying Space and Gauge Groups. Let X be a space and 
G a connected topological group. Suppose P: E — >• X is a principal G-bundle. The 
gauge group Q{P) is the topological group of bundle automorphisms of P. The 
gauge group featured in important work of Atiyah-Bott |14l 1983] in mathemat- 
ical physics. They considered the action of Q(P) on the moduli space A of Yang 
Mills connections on a principal £/(n)-bundle P : E — > M for M a Riemann man- 
ifold. Among other results, they proved H*(BQ(P)) is torsion free and computed 
its Poincare series. Their calculation depends on the identity: 

G(P) ~h nmap(X,BG;h), 

where h : X — > BG is the classifying map of P, a result originally due to Gottlieb 
[TT21 1972]. Here X is a Unite CW complex. Thus BQ(P) ~ map(X, BG; h). By 
Bott periodicity, the loops and double loops on BU (n) are torsion free. Atiyah-Bott 
used this fact and Thorn's theory to make their calculations. 

The classification of gauge groups for fixed X and G up to P-equivalence or, 
alternately, up to ordinary equivalence is the subject of active research. Gottlieb's 
identity implies the homotopy classification problem for map(X, BG) refines the 
gauge group classification problem. Masbaum [1991 1991] studied the homology of 
the components of the space map(X, BSU(2)) for X a 4-dimensional CW complex 
obtained by attaching a single 4-cell to a bouquet of 2-spheres. This case includes 
oriented, simply connected 4-dimensional manifolds. Using a cofibre sequence for 
X, he obtained, in particular, that the components of map(S i , BSU(2)) represent 
infinitely many homotopy types. Using a related analysis, Sutherland 264, 1992] 
considered the classification of components of map(T g , BU(n)) for T g an orientable 
surface of genus g. He obtained the calculatiuon 

ir 2n -i(map(T g ,BU(n);L k )) = Z 9 ®Z/d where d = (n - l)!(fc, n) 

thus distinguishing the components corresponding to maps k and I with (k,n) ^ 
(I, n). TSUKUDA [2761 2001] classified the homotopy types represented by the com- 
ponents of map(S i 1 BSU(2)) showing map{S 4 , BSU(2); u k ) ~ map{S i , BSU{2); tj) 
if and only if k = ±1. Kono-Tsukuda [1631 2000] generalized this result from 
X = S 4 to X a simply connected 4-dimcnsional manifold. 

As regards the homotopy type of the gauge group, Kono [1611 1991] proved 

g(p k )~g(p,) (12, k) = (12, i) 
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for k, I G Hi(BSU{2)) = Z. Thus the infinitely many distinct homotopy types 
represented by the path-components of map(S 4 ,BSU(2)) loop to only 6 distinct 
homotopy types. Kono's proof included the calculation 

7r 2 (g{p k )) = z/(i2,k) 

using, essentially, Whitehead's exact sequence mentioned above. Kono-Tsukuda 
11631 1996] extended this result from X — S 4 to X a closed, simply connected 
manifold using a cofibre sequence for X to make the corresponding calculation. 
Hamanaka-Kono [1271 2006] obtained a corresponding classification for SU (3)- 
bundles over S 4 . They proved 

g(p k )~g(Pt) ^ (120, k) = (120,/) 

where Pk and Pi are principal SU (3)-bundles over S 6 with third Chern class equal 
to 2k and 21, respectively. 

Crabb-Sutherland [67l 2000] obtained a global result on the classification of 
gauge groups. They proved that, for any fixed finite CW complex X and compact 
Lie group G, there are only finitely many TJ-homotopy types represented by the 
gauge groups Q{P) for P a principal G-bundle over X. Their proof is based on an 
alternate description of the gauge group: 

g(p) = r(Ad(P)) 

where Ad(P) = E x G G ad — > X is the adjoint bundle associated to P: E — > X and 
the space of sections has multiplication induced by G. A key step in their finiteness 
result is the proof that the fibrewise rationalization of Ad(P) is equivariantly triv- 
ial. They also classified the 77-homotopy types of gauge groups of SU (2)-principal 
bundles over S 4 complementing Masbaum and Kono's work. Here 

g(p k )~ H g(Pi) (i8o,*) = (180,/). 

Summarizing, the infinitely many distinct homotopy types represented by the com- 
ponents of map(S 4 ,BSU(2)) loop to 6 distinct homotopy types and 18 distinct 
ii-homotopy types. 

2.2. Spaces of Self-Equivalences. The space of equivalences aut(X) of a 
space X with some additional structure admits many important refinements. When 
M is a Riemannian manifold, we have the chain of subspaces 

Isom(M) Diff(M) ^ Homeo(M) ^ aut(M) 

given by spaces of isometries, diffeomorphisms and homeomorphisms, respectively. 
Each of these spaces is the subject of active research in homotopy theory and 
geometric topology. Smale [2471 1959] proved the inclusion 

Isom(S 2 ) Diff(S 2 ) 

is a homotopy equivalence. Since Isom(S' 2 ) ~ 0(3) this determines the homotopy 
type of Diff(S' 2 ). The (Generalized) Smale Conjecture asserts that Isom(M) ~ 
Diff (M) for M a 3-manifold of constant, positive curvature. The Smale Conjecture 
was affirmed for M = S 3 by Hatcher [T371 1983]. Gabai [1041 2003] proved the 
corresponding result for M a closed, hyperbolic 3-dimensional manifold. 

The first result on the f/-homotopy type of aut(X) is due, essentially, to Thom 
[2701 1957]. By his results mentioned above, we have 

aut(K{ir ,n)) ~h aut(ir) X K(%, n) 
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for 7r abelian. When n = 1, Gottlieb's extension of Thorn's results leads to an 
identification 

aut(K(ir, 1)) ~ H 0ut(7r) x K(ir, 1) 

where 0ut(7r) denotes the group of outer automorphisms. Note that these results 
include a description of no(aut(X)), the group of free homotopy self-equivalences of 
X. This group is, in general, quite complicated even for simple X. See Arkowitz 
[121 1990] and Rutter [2331 1997] for surveys of the extensive literature on this 
group. 

Since the path-components of aut(X) are all of the same homotopy type, we 
focus on the component of the identity which we denote aut(X) . Thus 

aut(X) = map(X 1 X;l) 

is the identity component in the space of self-maps. 

Hansen [13GI 1990] identified the homotopy type of aut(S 2 ) by comparing the 
evaluation fibration for this space with the fibre sequence 50(2) — > SO (3) — > S 2 . 
He proved 

aut(S 2 ) 50(3) x auJ~{S 2 ) 

where Z denotes the universal cover. Combined with Smale's result, this shows 
Diff(5 2 ) <-} aut(S 2 ) is not a homotopy equivalence. Yamanoshita [3041 1993] 
obtained a related result proving 

aut(RP 2 ) ~ H 50(3) x (aut„(E.P 2 ) )/0{2)) . 

This result implies Diff(]RP 2 ) ~ 0(3) is not homotopy equivalent to aut(RP 2 ). 
Yamanoshita |301|. 1985] also obtained a general result 

aut(X x Y) ~ aut(X) x aut(Y) x map^(Y, aut(X)) x map^(X, aut{Y)) 

provided the dimension of X is less than the connectivity of Y . In particular: 

autiS 1 x Y) ~ 0(2) x aut(Y) x flaut {Y) 

for simply connected Y. 

McCullough [207, 1981] computed Tr q (aut(M) ) for 1 < q < n - 3 for M a 
connected sum of closed, aspherical manifolds of dimension < 3 proving the groups 
n n ^2{a*ut(M) ) are not finitely generated. He used this result to give examples of 
closed 3-manifolds M such that the fundamental group of Homeo(M ) is not finitely 
generated. Didierjean [70l 1990] and [Til 1992] used a Postnikov decomposition 
of X to construct a spectral sequence converging to the homotopy groups of aut(X). 
She determined low degree homotopy groups of aut(X) for X = SU(3) and X = 
Sp(2) up to extensions. 

Given a fibration p: E — > B, we may consider the monoid autijp) of fibre- 
homotopy equivalences f:E^E covering the identity of B. Booth-Heath- 
Morgan-Piccinini [HI 1984] extended Gottlieb's result for the gauge group to 
prove an 77-equivalence 

aut(p) ~u flmap(B, Baut(F);h)) 

where F is the fibre of p and h: B — » Baut(F) is the classifying map. A simpli- 
cial version of this result was earlier obtained by Dror-Dwyer-Kan [73, 1980]. 
Didierjean [691 1987] extended Thorn's result to the fibrewise setting, proving 

n q (aut(p)) = H n ~ q (B;n) 
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for p: E — > B a principal fibration with fibre K(ir,n) and made calculations of 
the homotopy groups of aut{p) when F has two nonzero homotopy groups. She 
constructed a spectral sequence converging to the homotopy groups of aut(p), ex- 
panding on work of Legrand [1851 1983]. 

2.3. The Free Loop Space. The space of maps 

LX = map(S 1 ,X) 

is the subject of intensive research in diverse branches of mathematics. Given a 
compact Lie group G, the space of smooth loops on G is an infinite-dimensional 
Lie group, called the "loop group" of G. The representation theory of loop groups 
has deep connections to mathematical physics (cf. Pressley-Segal |230l 1986]). 
Gromoll-Meyer [115| 1969] linked the closed geodesic problem for a compact 
Riemannian manifold M to the homotopy theory of the free-loop space LM. They 
proved M admits infinitely many closed, prime geodesies if the Betti numbers of 
LM grow without bound. VlGUE-PoiRRlER-SULLlVAN [2821 1976] proved that the 
Betti numbers of LM are unbounded when the rational cohomology of M requires 
at least two generators. Their calculation was facilitated by a Sullivan model for 
LM, described in Section G2 below. 

More recently, Chas-Sullivan [50l preprint] and [5TJ 2004] unearthed a wealth 
of structure on the (regraded) homology of LM of a closed, oriented, smooth m- 
manifold M, Setting W*(LM) = H* +m (LM) they defined a graded-commutative 
and associative product • on H*(LM) and a related Lie bracket on the equivariant 
homology. The pair give H*(LM) the structure of Gerstenhaber algebra. A degree 
+1 operator A give M»(LM) the structure of Batalin-Vilkovisky (BV) algebra. 
These structures were obtained by geometric methods using intersection theory 
and transversality arguments. 

A homotopy theoretic construction of the string topology structures was given 
by Cohen-Jones [6lJ 2002] using Thorn spectra. They also proved, for M simply 
connected, an isomorphism of graded algebras 

(LM ; F) S HH* (S* (M) , S* (M) ; F) 

where the latter is the Hochschild cohomology of the algebra of singular cochains 
of M. Here F is a field. The Cohen- Jones construction was extended to more gen- 
eral ring spectra by Gruher-Salvatore [1181 2008]. Cohen-Klein-Sullivan 
[63l 2008], Crabb 65, 2008], and Gruher-Salvatore independently proved the ho- 
motopy invariance of the loop product and bracket, a significant advance since 
the original constructions depended on the smooth structure of M. Chataur |52l 
2005], Hu [1471 2006] and Kallel-Salvatore [1551 2006] considered generaliza- 
tions of string operations from LM = map(S 1 , M) to map(S n ,M). The work of 
these various authors include constructions of the string topology operations in the 
frameworks of ring spectra (Cohen- Jones and Gruher-Salvatore]), bordism theory 
(Chataur) and fibrewise homotopy theory (Crabb). 

As regards the ordinary homotopy theory of the free loop space, Hansen [130 , 
1974] gave an example of an aspherical space X with tt\ (LX) not finitely generated. 
Note that when X is an i?-space LX ~ X x QX. Aguade [2[ 1987] made a general 
study of spaces X, called T -spaces, for which the evaluation fibration 

flX -> LX — > X 
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is fibre-homotopically trivial. He obtained a refinement of the notion of -ff-space 
via a sequence of classes T = T\ C Ti C . . . C Too = ii-spaces with separating ex- 
amples. WOO-YOON [2881 1995] proved that when X is a T-space the components 
of map(^A, X) are all homotopy equivalent. Fadell-Husseini [87l 1989] proved 
LX has infinite L.S. category for X a simply connected CW complex with finitely 
generated, nontrivial rational cohomology. 

Smith |248l 1981] and [249[ 1984] constructed an Eilenberg-Moore spectral 
sequence for the cohomology of a free loop space. Starting with the pull-back 
square 

LX—^X 



X A > X x X 

he obtained a spectral sequence 

E*<* = Tor H * {XxX . ¥) (H*(X;W),H*(X;F)) => H*(LX;¥). 

He proved collapsing results for this spectral sequence and obtained calculations 
of H*(LM;¥) for F of characteristic 2 and 0. Kuribayashi [1691 1991] used the 
Eilenberg-Moore spectral sequence to prove the fibre is totally noncohomologous to 
zero in the fibration SIM — >• LM — > M for M a Grassmann or Stiefel manifold and 
mod p cohomology for certain primes p. 

McCleary-Ziller |205[ 1987] proved the Betti numbers of LM are un- 
bounded for M a compact, simply connected homogeneous space not equivalent 
to a rank one symmetric space using spectral sequence methods and extending ear- 
lier work of Ziller [3071 1977] who used Morse theory. ROOS [2321 1988] studied 
the Poincare-Betti series for LX for X a wedge of spheres using local algebra. He 
proved the series for X = S 2 V S 2 is not rational. Halperin-Vigue-Poirrier 
[1261 1991] proved the F-Betti numbers are unbounded for a field F of positive 
characteristic k provided H*(X;¥) requires at least 2 generators and under certain 
restrictions on k and X. McCleary-McLaughlin [2041 1992] studied the free 
loop space in the context of Morava if -theory while Ottosen [2261 2003] consid- 
ered the Borel cohomology of the free loop space. Lambrechts [1771 2001] proved 
the Betti numbers of the free loop space are unbounded for certain connected sums. 

Burghelea-Fiedorowicz [44j 1984] and Goodwillie [107[ 1985] proved an 
isomorphism of graded spaces 

H*{LX) = HH*(s*(nx),s s ,(nx)) 

where the latter space is the Hochschild cohomology. Menichi [2111 2001], Dupont- 
Hess [77l 2002] and Ndombol-Thomas [2231 2002] independently proved this is 
an isomorphism of algebras. Menichi also made calculations of the graded alge- 
bra H*(LX;Z p ) for X a suspension and X = CP™ while Ndombol-Thomas used 
Hochschild cohomology to make calculations of H*(LX;Z p ) for X — S m ,CP m 
and SCP m . KURIBAYASHI-YAMAGUCHI [1731 1997] made complete calculations 
of H*(LX;7j p ) when X is simply connected with mod p cohomology an exterior 
algebra on few generators using Hochschild cohomology to obtain information on 
the i?2-term in the Eilenberg-Moore spectral sequence. Recently, Seeliger [2431 
2008] used the Serre spectral sequence applied to the evaluation fibration to make 
calculations of H*(LCP m ). 
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Since the appearance of the paper of Chas-Sullivan, the structure of H*(LM) 
has seen an explosion of research with many partial descriptions of the loop product, 
the Gerstenhaber algebra and the BV algebra structure in special cases. We men- 
tion a sampling of these results here. COHEN- Jones- Yan |62l 2004] constructed a 
spectral sequence of algebras 

= H*(M;H*(QM)) => M*(LM) 

and used this to calculate the loop product for M = S 2 1 CP n . Tamanoi [266) 2006] 
computed the BV algebra structure of H*(LM) for M = SU(n) and M a complex 
Stiefel manifold. Gruher-Salvatore [1181 2008] extended the string operations 
to the case M — BG for G a compact Lie group. Menichi [2121 2009] proved the 
Cohen- Jones isomorphism 

H» (LS 2 ; F a ) = HH* (S* (S 2 ; ¥ 2 ),S* (S 2 ; F 2 )) 

mentioned above is an isomorphism of Gerstenhaber algebras but, surprisingly, not 
an isomorphism of BV algebras. 

2.4. Spectral Sequences and Stable Decompositions. We here discuss 
some general results on homotopy invariants and the stable homotopy type of func- 
tion spaces not covered by the preceding discussion. 

Federer [88[ 1956] constructed a spectral sequence converging to the homo- 
topy groups of map(X,Y; f) for X any finite CW complex and Y a simple CW 
complex. He defined an exact couple from the long exact homotopy sequences 
of the restriction maps p n : map(X ni Y; f n ) —¥ map{X n —\, Y; f n —i)- He identified 
the homotopy groups of the fibre of p n with cellular cochain groups of X with 
coefficients in ir* (Y) and obtained a spectral sequence 

E™ = Hi{X;-K p+q {Y)) =► n p (map(X,Y;f)). 

Dyer [861 1966] applied the Federer spectral sequence to calculate low degree 
homotopy and homology group of components of map{X 1 Y) when dimX is less than 
the connectivity of Y. Schultz [2421 1973] and M0LLER [2l9l 1990] constructed 
equi variant versions of this spectral sequence. 

BORSUK [23 1952] proved that if X is a finite CW complex of dimension k with 
nonzero fcth Betti number then map^X, S n ) has nonzero (n — k)th Betti number. 
MOORE [2221 1956] extended this analysis and asked for a spectral sequence relating 
the cohomology of X to the homology of map*(X 1 S n ). Spanier [2581 1959] showed 
the functor 

F n (X) = \\mmap(X,n k SP n+k S n+k ), 

k 

converts cohomology groups to homotopy groups. Here SP n+k is the symmet- 
ric product functor. Anderson [6l 1972] constructed an Eilenberg-Moore spectral 
sequence for the cohomology of map*(X, Y) using the cobar construction in the cat- 
egory of cosimplicial spaces. Legrand [1861 1986] constructed a spectral sequence 
in the spirit of Moore's problem for map* (X, Y) using a Postnikov decomposition of 
Y . Patras-Thomas [2291 2003] proved the Anderson spectral sequence converges 
when the dimension of X is no bigger than the connectivity of Y. Chataur-Thomas 
[541 2004] gave a related -Eoo-model for function spaces. Applied to the free loop 
space, their model gives an operadic version of Hochschild cohomology. 

The stable homotopy type of the based function space map*{X, Y) has been 
described in many cases. When X = S n , this is just the loop space Sl n Y. Stable 
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decompositions of this space are central structural results in homotopy theory. 
Snaith [257[ 1974] proved a stable decomposition for fl n Y in terms of configuration 
spaces of j-tuples of distinct points of R" . His proof was obtained by analyzing 
the stable homotopy type of approximations due to May [2001 1972] for iterated 
loop spaces. Bodigheimer [23] 1987] proved a generalization of Snaith's splitting 
result. He showed 

n^S 00 map,(M, S n F) ~ n 00 ^ 00 (C(M, dM; n) A E „ Y n ) 

where M is a compact manifold with boundary and C{M, 8M; n) is the configura- 
tion space. Arone QU 1999] described the Goodwillie tower of Cl 00 'E° map*(X, S n F) 
for more general X recovering the previous splittings. He obtained an Eilenberg- 
Moore spectral sequence from this description. Ahearn-Kuhn [5, 2002] and Kuhn 
[1671 2006] studied this spectral sequence proving it a spectral sequence of graded 
algebras and studying functorial properties. 

Campbell-Cohen-Peterson-Selick [451 1987] studied roap„(P m (2 r ), S n ) 
where P m (2 r ) = S m U e m is a Moore space with attaching map of degree 2 r . 
They gave a partial description of the mod 2 Steenrod operations and proved that 
map^,(P3(2), S n ) is not decomposable as a product except, perhaps, for finitely 
many n. Westerland [2841 2006] obtained a stable splitting for components of 
the space map t (T g , S 2 ) where T g is a surface of genus g > 0. Cohen [60l 1987] 
and Bodigheimer [231 1987] independently obtained a stable splitting of the free 
loop space L'EX in terms of configuration spaces. Other results on the stable 
homotopy of the free loop space include splitting results for IMP 71 by Bauer- 
Crabb-Spreafico pH 2001] and Yamaguchi [294, 2005]. 



3. Localization of Function Spaces. 

In this section, we survey work on function spaces after localization. Recall 
a nilpotent space A" is a connected CW complex such that tti(X) is a nilpotent 
group and the standard action of ~k\ (X) on the higher homotopy groups of X is a 
nilpotent action. By Sullivan 262, 1971] and Hilton-Mislin-Roitberg [1421 
1975], a nilpotent space X admits a P -localization ix ■ X — > Xp which is a map 
inducing P-localization on homotopy groups. When P = {p} we write X p for the 
p-localization and when P is empty we write Xq for the rationalization of X. 

Under reasonable hypotheses on X and Y, function spaces behave well with 
respect to localization. Hilton-Mislin-Roitberg proved that if X is a finite CW 
complex and Y is a nilpotent space then the path-components of map(X, Y) are 
nilpotent spaces. The components of map(X, Y) are of CW type in this case by 
Milnor [2141 1959]. Hilton-Mislin-Roitberg also proved that composition by ly 
gives a P-localization map 

(£ Y )*: map{X,Y;f) -> map(X,Yp;£ Y o /). 

Below we write fp — ly o /. Hilton-Mislin-Roitberg-Steiner [143[ 1978] 
obtained the same results if, alternately, A" is a finite type CW complex and Y is 
a nilpotent Postnikov piece. Here the CW type result is due to Kahn [153[ 1984]. 
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M0LLER [2171 1987] extended these results to the function space of relative liftings 




where here i is closed cofibration and p is a fibration. In this case, P-localization is 
obtained by passing from p : E — > X to its fibrewise P-localization P(p) ■ E(p) X 
as constructed by May [2011 1980]. In particular, fibrewise localization induces P- 
localization T(p; s) — > T(p(py, s') for X finite CW and F = p~ l {*) a nilpotent space. 
M0LLER [219[ 1990] proved the corresponding nilpotence and localization results 
for certain equivariant function spaces. Klein-Schochet-Smith [1591 2009] ex- 
tended the nilpotence and localization results from the case when X is finite CW to 
the case X is compact metric provided the corresponding function or section space 
is known a priori to be nilpotent. 

Bousfield-Kan [291 1972] introduced a more general localization theory for 
subrings R C Q including homotopy completions Y —> R^Y. They proved that 
P-completion (respectively, P-localization) induces P-completion (respectively, R- 
localization) on the based function spaces map^(X, Y; 0) when X is a finite CW 
complex and Y is nilpotent. Further significant results on the behavior of function 
spaces under Bousfield-Kan localization and completion are discussed below. 



3.1. Rational Homotopy Theory of Function Spaces. Quillen [231, 
1969] constructed an equivalence between the homotopy category of simply con- 
nected rational CW complexes and a homotopy category of connected, differen- 
tial graded Lie algebras (DGLAs) over Q initiating rational homotopy theory. 
The Quillen minimal model of a simply connected space X is a minimal DGLA 
(C(X),dx) which means C(X) = h(V) is a free GLA and dx satisfies dx[V) C 
[L(V),L(V)] . The rational homology and homotopy Lie algebra of X are recovered 
via isomorphisms 

V^s^HiX;®) and tt*(OX) <g> Q, [, ] = H*(C(X)),[, ]. 

SULLIVAN [2631 1977] constructed another categorical equivalence, here be- 
tween the homotopy theory of simply connected CW complexes and a homotopy 
category of connected differential graded algebras (DGAs) over Q. The Sullivan 
minimal model of a space X is a minimal DGA (A4(X),dx) where M(X) = XV 
is a free DGA with d x (V) C A+V ■ A+V with 

V = Hom(7T*(X),Q) and H*{M{X)) = H*(X;Q). 

More generally, a Sullivan model (A(X),d) for X is a DGA admitting a chain 
equivalence to the de Rahm complex of rational PL forms on A. In particular, 
H*(A(X)) ^ H*(X;Q) and (A(X),d) ~ (M(X),d x ) are homotopy equivalent in 
Sullivan's DGA category. Comprehensive treatments of the subject were given by 
Tanre [2671 1983] and Felix-Halperin-Thomas [H 2001]. 

Sullivan described separate models for the general path-component of a func- 
tion space, map(X,Y; /), the space of self-equivalences aut{X) and the free loop 
space LX each within his framework of DGAs. We discuss these models and their 
extensions and applications now. 
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3.1.1. General Components. Following the sketch by Sullivan, Haefliger |123l 
1982] constructed a (non-minimal) Sullivan model for the rational homotopy type 
of map(X, Y; f) where /: X — >• Y is a map of nilpotent spaces with X finite. The 
construction builds on the ideas of Thorn, described above. Let p r : Y r — >• K r _i with 
fibre K(G r , n r ) be a term in the principal refinement of the Postnikov tower of Yq 
with k invariant fc r -i : Y r —i K(G r ,n r + 1). We then obtain a pullback diagram 

map(X, Y r ; (/ Q ) r ) ^ Pmap(X, K(G r , n r + 1); 0) 

(p.). 

map(X,Y r -i; (fq)r-i) - — : — >■ map(X, K(G r ,n r + 1);0) 

(fc r _io(/ Q ) r _ 1 ), 

where the right fibration is the path/loop fibration. Let V = (J) r Hom(G r , Q). Since 
X is finite, X admits a finite model (A,d). Write A — Hom(A,Q) for the dual to 
A and grade A in negative degrees. Thorn's calculation of ■K q (map(X, K(G, n); 0)) 
is then reflected in the grading on the ordinary tensor product A Cg> V. Let I denote 
the ideal of A(A <g> V) generated by elements of degree < 0. Haefliger described a 
differential d on A(A <g>V)/I in terms of the "fc-invariants" (Av-i o (fq) r -i)* above 
and proved the result is a Sullivan model for map(X, Y; f). 

Bousfield-Peterson-Smith [301 1989] gave an alternate construction, moti- 
vated by seminal work of Lannes |180[ 1987] in p-local homotopy theory, discussed 
below. The construction makes use of the fact that map(X, __) defines a functor 
on topological spaces that is right adjoint to the product functor x X. In the 
category of DGAs, this corresponds to the fact that Hom(A, __) is right adjoint to 
the tensor product functor __ <g> A. In this setting, ® A has an left adjoint, as 
well, provided A is finite. The construction is a version of Lannes' T-functor. It 
is conveniently written here as (__ : A). Given a map ip: B —> A define [B : A)^ 
to be the connected DGA determined by ip. Assume X and Y are nilpotent spaces 
with X finite. Let A be a finite Sullivan model for X. Bousfield-Peterson-Smith 
proved (A4(Y) : A)^ is a Sullivan model for map(X, Y; f) where -0: A4(Y) — !> A is 
a Sullivan model for / : X — > Y. 

Brown-Szczarba [371 1998] and [HI 1998] expanded on the work of Haefliger 
and Bousfield-Peterson-Smith. They constructed a model (AW, d) for map(X, Y; /) 
where 

W q = ^7r n (y)®fln_,(X;Q)J /X" 

for certain subspaces K q . The differential d was described explicitly in terms of the 
coproduct on H*(X; Q). Here X is a finite CW complex and Y is nilpotent. They 
deduced descriptions of the rational homotopy groups of map(X, Y; f). When / is 
trivial they proved K q = thus obtaining an isomorphism of graded spaces 

n*(map(X,Y;0)) = (H*(X; Q)) ® (n*(Y) ® Q) . 

Again, the space H*(X; Q) is assumed to be negatively graded. This last result was 
earlier proved by Smith |250l 1994]. 

Applications of the Haefliger model include the following results: ViGUE- 
Poirrier 12801 1986] identified the rational homotopy Lie algebra of map(X, Y; 0) 
for X nilpotent of dimension strictly less than the degree of the first nontrivial 
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homotopy group of Y via an isomorphism 

^(ilmap{X, Y; 0)) ® Q, [, ] S (#*(X; Q)) ® M^Y) ® Q)) , [, ]. 

Here H*(X; Q) is negatively graded and the tensor product has the GLA structure 
induced by the product and bracket on the terms. M0LLER-RAUSSEN [2211 1986] 
studied the rational homotopy classification problem for components of map(X, Y) 
with Y — S n ,CP n for X nilpotent and suitably rationally co-connected. They 
obtained complete classifications in these cases including descriptions of the ra- 
tional homotopy types. Felix [89( 1990] proved the rational L.S. category of 
map(X, Y;0) is often infinite. Smith |253l 1997] studied the rational homotopy 
classification problem for map(Gi/Ti, G2/T2), where G\,G2 are classical compact 
Lie groups and T± , T2 maximal tori, identifying the rational type of certain compo- 
nents as generalized flag manifolds. Smith |254l 1999] gave an explicit description 
of the Haefliger model for X and Y elliptic spaces (simply connected spaces having 
finite-dimensional rational homotopy and homology) with evenly graded rational 
cohomology obtaining examples of components of map(X, Y) of finite L.S. category. 

Kotani [1651 2004] used the Brown-Szczarba model to give necessary and 
sufficient conditions for the space map^(X, Y) to be a rational -ff-space for X a 
formal, nilpotent CW complex of dimension < the connectivity of Y. Felix- Tanre 
[98} 2005] generalized this result replacing the formality of X by a condition in- 
volving L.S. category. Buus-MURILLO [431 2006] constructed the Brown-Szczarba 
model within the simplicial category framework for rational homotopy theory due 
to Bousfield-Gugenheim [28; 1976]. They obtained a functorial version of the 
Brown-Szczarba model in this setting and used this model, in Buijs-Murillo |43l 
2008], to identify the rational homotopy Lie algebra of components map(X,Y; f) 
with X, Y restricted, as usual, to nilpotent spaces with X finite. Kuribayashi- 
Yamaguchi [1741 2006] combined the Haefliger and Brown-Sczarba approaches to 
obtain a rational splitting of map^{X U Q e k+1 , Y; 0) where a is an attaching map. 
Under certain restrictions on X , Y and a they proved 

map^X U a e fc+1 ,Y;0) ~q map*(X,Y;0) x fl k+1 Y. 

Hirato-Kuribayashi-Oda |146| 2008] applied the Brown-Szczarba model to the 
study of the rational evaluation subgroups, i.e., the image of the map induced on 
rational homotopy groups by the evaluation map LOf. map(X,Y; /) — > Y. BuiJS- 
Felix-Murillo [HI 2009] used the Brown-Szczarba model to study the rational 
homotopy type of the homotopy fixed point of a circle action. 

The higher rational homotopy groups of map(X, Y; /) for suitable X and Y can 
be described directly in terms the homology of certain DG space of derivations. In 
the DGA setting, given a map ip : (A, d) (B, d) of DGAs let Der„(A, B; ip) denote 
the space of linear maps 9 : A* — >• B*~ n satisfying, for x, y 6 A, the identity 9{xy) = 
9{x)ip(y) + (-\) n ^i){x)9{y). In the DGLA setting, let Der* (L, K; ip) denote the 
space of degree raising linear maps satisfying the corresponding identity. In both 
cases, a degree —1 differential is given by D(9) — do 9 — (—l) n 9 o d. When X and 
Y nilpotent spaces with X finite 

n n (map{X, Y; /)) S* H n (Der(M(Y), M(X); M(f))). 

for n > 2. This result is due to Sullivan for the case / = 1 as discussed be- 
low. The general result was proved, independently, by Block-Lazarev |22l 
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2005], Lupton-Smith [19T1 2007] and Buus-MURILLO [43j 2008]. The ratio- 
nalization of the fundamental group iri(map(X, Y; /)) is, in general, nonabelian. 
Lupton-Smith [1901 2007] proved the rank of iri(map(X, Y; /))q is the dimension 
of H 1 (T>er(M(Y),M(X);M(f))). Buijs-Murillo gH 2008] extended this to an 
identification of the Malc'ev completion of iri(map(X, Y; f))q. 

Within the framework of Quillen minimal models, we have an isomorphism 

ir n (map(X, Y; /)) ® Q = ff„(Rel(ad £(/) )) 

for n > 2 for X and Y simply connected CW with X finite. Here ReL^ad/^n) is 
the mapping cone of the chain map 

ad £(/) : C{Y) -> Dei*(£(X),jr(Y);C(f)) 

given by adc(f)(y)(x) = [C(f)(x),y] for x € C(X), y 6 C(Y). This result was proved 
for the identity component by Tanre [2671 1983] and Schlessinger-Stasheff 
[2411 preprint]. The result for the general component was proved by Lupton- 
Smith [lMl 2007]. Lupton-Smith [1941 2010] identified rational Whitehead prod- 
ucts in terms of this identification. Buijs-Felix-Murillo [40l 2009] described a 
Quillen model for function spaces and obtained a result on the exponential growth 
of rational homotopy groups of function spaces. 

The homotopy classification problem for gauge groups corresponding to prin- 
cipal G-bundles P : E — > X is trivial after rationalization for X finite CW and G a 
compact Lie group. In this case, BG is a rational -ff-space. As mentioned above, 
Crabb-Sutherland [67} 2000] used this fact to prove the fibrewise localization of 
the universal G-adjoint bundle Ad(Po)'- Eg Xg G ad is equivariantly trivial. Their 
result implies a rational -ff-equivalence 

(6(P)o)q map(X,G q ;Q). 

The rational homotopy groups of Q{P) may thus be computed as 

**(S(P)) <E>Q = i?*(X;Q) ® (tt.(G) <E> Q) 

since Gq is a product of Eilenberg-Mac Lane spaces where here, as above, if* (A"; Q) 
is negatively graded. 

Lupton-Phillips-Schochet-Smith [1891 2009] proved a related result in the 
context of commutative Banach algebras. Let A be unital, commutative Banach 
algebra and GL n (^4) the group ofnxn invertible matrices with coefficients in A. 
Then 

GL n (A) ~ Q Y[K(V n ,n) where V = i?*(Max(A); Q) ® A(s 1; . . . , s 2 „_i). 

Here Max(A) is the maximal ideals space and S2i-i is of degree 2i — 1. Klein- 
Schochet- Smith [1591 2009] extended this result to the group of unitaries UAq 
where ^ is the G*-algebra sections of a complex n-matrix bundle £ over a compact 
metric space X. The latter result is based on an extension of the result (G(P) )q —h 
map(X, Gq; 0) from the case X finite CW to the case X compact metric. 

3.1.2. Spaces of Self-Equivalences. The rational homotopy type of a connected 
grouplike space G is completely determined by isomorphism type of the Samelson 
Lie algebra 7r*(G) ® Q, [, ] (c.f. Scheerer |237l 1985]). Sullivan [2631 1977] 
identified the rational Samelson Lie algebra of the space aut(X) for X a simply 
connected finite CW complex via an isomorphism: 

jr,(atrfp0o)®Q,[, ] ~H*(Dcr(M(X))),[, ]. 
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A corresponding identity in Quillen's DGLA framework for rational homotopy the- 
ory was given by Tanre |267[ 1983] and Schlessinger-Stasheff 12411 preprint]: 

7T* (aut(X) ) g> Q, [ , ] £* H, (Rel(ad £(x) )) , [ , ] . 

Here the bracket on the mapping cone of ad^jx) is induced from that on C(X). 

Sullivan's identity connects the monoid aut(X) to a fundamental open con- 
jecture in rational homotopy theory. Let X be a simply connected elliptic CW 
complex with evenly graded rational cohomology. We refer to such spaces as Fq- 
spaces. The class includes (products of) spheres, complex projective spaces and 
homogeneous spaces G/H with G a compact Lie group and H C G a closed sub- 
group of maximal rank. Motivated by this last case, Halperin |124[ 1978] con- 
jectured that the rational Serre spectral sequence collapses at the Ei term for all 
orientable fibrations with fibre an F -space. Thomas [2711 1981] and Meier [2101 
1981] independently proved that Halperin's conjecture is equivalent to the condition 
H even (Der(M(X))) = for an Fo-space X. Thus, by Sullivan's identity, Halperin's 
conjecture holds for X if and only if aut(X) is rationally equivalent to a product 
of odd spheres. 

The Halperin conjecture has been affirmed in several special cases including 
for Kahler manifolds by Meier, for homogeneous spaces of maximal rank pairs by 
Shiga-Tezuka [2461 1987] and for F -spaces with rational cohomology generated 
by < 3 generators by Lupton [T881 1990]. Hauschild [1381 1993] [1391 2001] 
computed rational homotopy groups of aut(X) for X an Fo-space and of aut(p) 
for p a fibration with fibre X. Felix-Thomas [9lJ 1994] studied the rational 
homotopy of aut(X) for various homogeneous spaces giving explicit calculations. 
Grivel [TTH 1994] proved that for, X an F -space, 

H even (Der(M(X))) ^Der 

even 

and used this result to give a formula for Tr ad(aut(X) ) (g) Q. 

Salvatore [234] 1997] proved the nilpotency of the Lie algebra iJ»(Der(X(X))) 
coincides with the rational homotopical nilpotency of the monoid aut(X) — the 
least integer n such that the n-fold commutator for aut(X) Q is rationally trivial. 
He calculated the rational homotopical nilpotency of aut(X) a for X a rational 
two-stage Postnikov system and proved the monoid aut(S 2n ^ 1 V S 2n ~ 1 ) Q is not ra- 
tionally homotopy nilpotent. Smith [2551 2001] computed the rational homotopy 
nilpotency of aut(X) a for certain spaces X admitting a two-stage Sullivan model. 
Recently, Felix-Lupton-Smith 96, preprint] obtained a formula, in the spirit of 
Sullivan's above, for the rational Samelson Lie algebra of the monoid aut(p) of 
fibre- homotopy self-equivalences of a fibration p : E — > B of simply connected finite 
CW complexes: 

n*(aut{p) ) ®Q,[, ] = H*(Der AV (AW ® AV)), [ , ]. 

Here (AW, ds) — > (AW ® AV, D) is the Koszul- Sullivan model of the fibration and 
DerA^ (AT^ ® AV) denotes the DGLA of derivations vanishing on AV. 

As for the rational homotopy of Gottlieb group G n (X) and the evaluation 
map uj: aut(X) -> X, Lang [1791 1975] proved G*(A)q = G*(A"q) for X a finite 
simply connected CW complex. Felix-Halperin [93l 1982] identified the rational- 
ized Gottlieb groups G n (X) eg) Q for these X in terms of the Sullivan identification 
7r*(X) (g> Q = V where A4(X) — AV. Here an element v £ V n corresponds to a 
rational Gottlieb element if the dual map « i4 1 extends to a derivation cycle in 
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Der n (A4(X)). They used this result to prove two global results on the rational- 
ized Gottlieb groups of a simply connected CW complex X of finite rational L. S. 
category: 



G cvcn (X) ® Q = and dim(G odd (A) ®Q)< cat Q (A). 

A Quillcn model description of the rationalized Gottlieb group was given by Tanre 
[2671 1983]: 



Rationalized Gottlieb groups have been calculated by many authors using various 
means including Smith [25TI 1996], Lupton-Smith [1911 2007] and [1921 2007], 
Hirato-Kuribayashi-Oda [1461 2008] and Yamaguchi [2981 2008]. Felix- 
Lupton [951 2007] proved the evaluation map uj: aut(X) — > X is rationally ho- 
motopy trivial if and only if it is trivial on rational homotopy groups for X a finite, 
simply connected CW complex. 

3.1.3. The Free Loop Space. Vigue-Poirrier-Sullivan [282] 1976] constructed 
a Sullivan model for LX when X is a simply connected CW complex. Let (AV, d) 
be the minimal model for X . Their model for LX is given by 

(AV ® AsV, S) with 5(v) = dv and 5(sv) = -sd(v) for v eV 

where s is the degree —1 derivation of AV (g> AsV defined by setting s(v) = sv 
and s(sV) = 0. Halperin [1251 1981] constructed a related model in the non- 
simply-connected case under restrictions on the component. As discussed above, 
Vigue-Poirrier-Sullivan used their model to prove the Betti numbers of LX are 
unbounded if H*(X;Q) requires at least two generators. In fact, they showed the 
Betti numbers of LX grow exponentially in this case. Vigue-Poirrier |2791 1984] 
proved that the same is true for wedges of spheres and manifolds of L.S. category 
less than 2. She conjectured the Betti numbers of LX grow exponentially for all 
finite, simply connected X with infinite dimensional rational homotopy. She gave 
examples of spaces X with finite-dimensional rational homotopy for which 



Lambrechts [1771 2001] affirmed Vigue-Poirrier's conjecture for the class of sim- 
ply connected, coformal, finite complexes. 

Dupont- Vigue-Poirrier [791 1998] proved a basic result concerning the 
question of formality for the free loop space. Given a simply connected CW complex 
X with Noetherian rational cohomology, the space LX is formal if and only if X is 
a rational -ff-space. Yamaguchi 290 2000] generalized this to the function space 
map(X, Y; 0) for X simply connected CW of dimension less than the connectivity of 
Y an elliptic space. He showed that, again, map(X, Y; 0) is formal if and only if Y 
is a rational -ff-space. Vigue-Poirrier [2811 2007] proved a further result in this 
vein showing, with the same dimension/connectivity hypotheses, that map(X, Y\ 0) 
is formal if and only if Y is a rational -ff-space provided the odd rational Hurewicz 
homomorphism of X is nontrivial. 

Felix-Thomas- Vigue-Poirrier [1011 2007] studied the string topology op- 
erations on H*(LM;Q) within the framework of Sullivan minimal models. They 
gave a description of the loop-product and the string-bracket in this setting making 
explicit computations. They also proved the isomorphism of graded spaces due to 



G n (X) q = ker{ff(ad £pf) ): C(X) -> Der(£(A))}. 



lim sup 




dim(7r odd (A) ®Q). 
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Cohen-Jones [6lJ 2002] 

H*(LM;Q) = HH*(C*(M),C*(M);Q) 

is an isomorphism of Gerstenhaber algebras. Felix-Thomas |100[ 2008] extended 
this last result proving the above is an isomorphism of BV- algebras. 

3.2. Function Spaces and p-Localization. Function spaces are central to 
the theory of homotopy localizations and completions with respect to subrings 
R C Q. As mentioned above, Bousfield-Kan [29, 1972] proved that their R- 
completion functor induces i?-completion on the based function space map^(X, Y; 0) 
for A finite CW and Y nilpotent. This result was used in the proof of the frac- 
ture lemma for i?-completions. A first reduction in Miller's proof of the Sullivan 
conjecture is a weak equivalence 

map*(X, Y;0) ~ w map^A, i? QO F; 0) 

where R = ¥ p and Roo is the i?-completion functor. Here Y is a nilpotent space 
and A is a connected, Z[i]-acyclic space. Function spaces also feature in the theory 
of homotopy localization and cellularization. Given a map / : A — > Y, a space Z 
is defined to be /-local if the induced map of function spaces /* : map l¥ (Y, Z) — > 
mapt(X,Z) is a weak homotopy equivalence. Dror-Farjoun [751 1996] con- 
structed /-localizations and showed the known localization functors all occur as 
special cases, for suitable choices of the map /. As usual, we consider work here 
which focuses explicitly on the homotopy type of function spaces. 

3.2.1. Maps out of a Classifying Space. The function spaces map{B'K,X) and 
map ^(Btt ■, A) for it a finite group appear in major developments in homotopy the- 
ory in the p-local category. In celebrated work, Miller [2131 1984] affirmed the 
Sullivan conjecture, proving 

7r„(map 4 ,(i?7r, A)) = for all n > 0, 

for ir a locally finite group and A a connected, finite CW complex. Using the R- 
completion theorem for map„(A, Y) mentioned above, the problem reduces to prov- 
ing the weak triviality of spaces map t (BZ p , RooY) where i?oo is the Bousfield-Kan 
p-completion functor. Miller proved the latter fact by establishing the vanishing of 
certain Ext-sets in a category of unstable modules over the mod p Steenrod algebra. 

Miller's Theorem had many important consequences for function spaces. Zabrod- 
SKY [306, 1991] connected the result to the study of phantom maps. He also ob- 
tained the following extension. Let W be a connected CW complex with finitely 
many, locally finite homotopy groups. Then 

Tr n {map*(W,X)) = for all n > 0, 

for A any connected, finite CW complex. Zabrodsky also proved that, if P: E — > 
B is a principal G-bundle with map^{G,Y) contractible, then map^(B,Y) — > 
map l¥ (E,Y) is a homotopy equivalence. Miller's result had equi variant general- 
izations in terms of fixed point and homotopy fixed point set. In particular, if A is 
a 7r-space for n a p-group then 

i? 00 (A 7r ) = (i? 00 A) /l7r 

where R = Z/p and X™ is the fixed point set while X h7T is the homotopy fixed 
point sets (c.f. Carlsson [ill 1991]). Dwyer-Zabrodsky [80l 1986] applied this 
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latter result to obtain a mod p decomposition 

map{B'K, BG) ~ p ]J_BC(p). 

p 

Here it is a finite p-group, G is a compact Lie group and the disjoint union is over 
G-conjugacy classes of homomorphisms p : it — > G. As usual, C (p) denotes the cen- 
tralizer of the image of p in G. Friedlander-Mislin [1031 1986] gave conditions 
on a Lie group G such that map^BG^RooX) is weakly trivial. Here A is nilpo- 
tent and Roo is p-completion. McGiBBON [2081 1996] proved map^W, RooX) is 
weakly contractible for W a connected infinite loop space with torsion fundamen- 
tal group. Strom [261, 2005] proved that if map^(X,S n ) is weakly contractible 
for all sufficiently large n then map*(X, Y) is actually weakly contractible for any 
nilpotcnt, finite CW complex Y. He thus obtained a method for recognizing spaces 
X satisfying the conclusion of Miller's Theorem. 

Lannes [1801 1987] and [1811 1992] complemented and extended Miller's work. 
Let U and JC denote, respectively, the category of unstable modules and algebras 
over A, the mod p Steenrod algebra. Lannes constructed the T-functor which is 
left-adjoint to the tensor product functor — <E>u H* (BZ p ;Z p ) on U. He showed, 
among other properties, that T is exact, preserves tensor products and restricts to 
a functor on /C. These results are used to prove the natural map 

Qx ■ T(H*(X; Zp)) -> H*{map{BZ p , X);Z p ) 

is an isomorphism of unstable „4-algebras whenever T(H*(X; Z p )) is trivial in degree 
1 and of finite type. 

Aguade [3l 1989] computed T(M) for certain ^-algebras M including subal- 
gebras of Z p [xi, . . . , x n ] invariant under the general linear action. Here p is an odd 
prime. Dror-Smith [741 1990] constructed an Eilenberg-Moore spectral sequence 
for computing Qx above and gave a geometric interpretation of the T-functor. 
Dwyer-Wilkerson [85l 1990] proved if ir is a locally finite group and A is a sim- 
ply connected p-complete space with iT*(A;Z p ) finitely generated as an algebra, 
then map^Bit, A; 0) is weakly contractible. Kuhn-Winstead [1681 1996] proved 

£P(A;Z P )=0 => H*(map(BZ p , A);Z p ) = 0. 

More generally, they showed the image of ®x consists of Z^-integral classes if 
H*(X;Z p ) does where a Z^-integral class in fl"*(__;Z p ) is a class in the reduction 
from 7J*(__;Z^). Dehon-Lannes [6H 2000] proved that if A is p-complete and 
H*(X\ Z p ) is Noetherian and generated in even degrees then H* (map(BZ p , A); Z p ) 
is Noetherian and map(BZ p ,X) is p-complete. Aguade-Broto-Saumell [1J 
2004] introduced the notion of T-representability for a space A and proved it a 
sufficient condition for Qx to be an isomorphism. They gave an example of a 
p-complete space A for which &x is not an isomorphism. 

We mention some further results falling under the current heading. Dwyer- 
Mislin [841 1987] identified the homotopy type of the nontrivial components of 
map :t (BS 3 ,BS 3 ). The null component is contractible by Zabrodsky [3061 1991], 
as mentioned above. Jackowski-McClure-Oliver [1511 1992] determined the 
homology with coefficients in a finite group of the components of map(BG, BG) for 
G a simple compact, connected Lie group. Building on these results, Andersen- 
Grodal [3 2009] expressed the classification of p-compact groups with component 
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group a p-group n in terms of the homotopy types of the components of a space of 
maps out of Bit. 

Blanc-Notbohm [HJ 1993] proved 

map(BG, BH; /)£ ~ map(BG, {BH)$;f£) 

for G, H compact Lie groups. Broto-Levi [35 , 2002] proved 

aut{{B^) ~ K(Z(ir/O p ,(n)), 1) 

for 7r a finite group. Here O p i (it) denotes the maximal normal p'-subgroup of tt. 
The proof uses the Bousfield-Kan spectral sequence to prove asphericality and the 
Z*-theorem from group theory to compute the fundamental group. 

3.2.2. Algebraic Models. In this final section, we discuss results on modeling 
the p-local homotopy theory of function spaces. 

Dwyer |81( 1979] proved that a version of Quillen's rational homotopy theory 
extends to the homotopy theory of tame spaces X which are (r — l)-connected 
CW complexes, r > 3, with ir r+ k (X) uniquely p-divisible for all primes p with 
2p — 3 < k. He proved the homotopy category of tame spaces endowed with 
an appropriate model structure is equivalent to a homotopy category of (r — 1)- 
reduced integral DGLAs. Tame homotopy theory admits a version in the spirit 
of Sullivan's approach to rational homotopy theory by Cenkl-Porter [49} 1983]. 
Scheerer-Tanre 239, 1988] identified homotopy invariants, e.g., homology and 
the homotopy Lie algebra, in Dwyer's framework. Anick [101 1989] and fTX, 1990] 
gave an alternate approach using a classical construction of Adams-Hilton [TJ 
1955] on the Pontryagin algebra H*(CIX; R) for ficQ. He constructed a DGLA 
model over R for the category CW™ consisting of (r — l)-connected complexes of 
dimension m when all primes p with m > pr are invertible in R. 

The description of function spaces in tame homotopy theory has been under- 
taken in several works. Anick-Dror-Farjoun [9l 1990] described a simplicial 
skeleton of the space map^(X, Y) for .R-local spaces X, Y £ CW m . Given suitably 
reduced DGLAs L and K over R they constructed a function complex Hom(L, K) 
giving an explicit description through a range of dimensions. Scheerer-Tanre 
240, 1992] described i?-local homotopy theory in a suitable category of DG coal- 
gebras of R. They constructed an adjoint to the wedge functor in this context and 
used it to give a model for the space map^(X,Y) for i?-local X, Y G CW™. As an 
example, they described a model for the i?-localization of map tt (MP 2 , M t ), where 
M t denotes a tamed Moore space and R is suitably chosen. Felix-Thomas |90[ 
1993] obtained a p- local decomposition 

n 

mop, (ex, r) ~ p H(fi i+1 y)*w 

for X simply connected with torsion-free homology of dimension n < 2p and Y 
(r — l)-connected with r > n + 1. Scheerer [238, 1994] recovered this result as a 
special case of a corresponding decomposition for map^(C,Y) for C a co-H-space. 
Dupont-Hess [H 1999], [771 2002] and [H 2003] used Anick's framework to 
obtain a model for the mod p cohomology of the free loop space LX for a simply 
connected space X S CW™ and prime p with m < pr. They constructed a DGA 
over Z p , built from Anick's model, and proved the homology of this algebra is 
isomorphic to H*(LX;Z P ). 
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Dwyer-Kan [82, 1980] identified function complexes in a simplicial homo- 
topy theory category L H (M) of a general Quillen model category M. Here L H is 
their "hammock" localization functor. They showed L H (M.(X, Y)) for X, Y G M 
behaves properly with respect to simplicial and cosimplicial resolutions. This ap- 
proach yielded, in particular, a good model for the monoid of self-equivalences for 
arbitrary model categories. In Dwyer-Kan [83, 1983], they identified the homo- 
topy type of the function complex as a homotopy inverse limit for X cofibrant and 
Y fibrant. 

Recently, Fresse [1021 preprint] constructed an algebraic model for the homo- 
topy type of map(X, Y) for X a finite complex and n n {Y) a finite p-group for all 
n. Let N*(Y; Z p ) denote the normalized cochain complex where Z p is the algebraic 
closure of the field of p-elements. Then N*(Y; Z p ) is an i^-algebra and, more gen- 
erally, an algebra over the Barrett-Eccles operad £ . Mandell [1951 2001] proved 
this algebra structure determines the homotopy type of Y. Fresse constructed a 
Lanncs T-functor left adjoint to the tensor product in the category of algebras over 
£. As a consequence, he obtained a model (N*(Y; Z p ) : N*(X; Z p )) for map(X, Y). 
Chataur-Kuribayashi [53j 2007] extended this result to the case Y is connected 
and nilpotent of finite type and made calculations with the resulting spectral se- 
quence. 
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